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Abstract 

We prove that one system of coupled KdV equations, recently 
claimed by Hirota, Hu and Tang [J. Math. Anal. Appl. 288:326-348 
(2003)] to pass the Painleve test for integrability, actually fails the 
test at the highest resonance of the generic branch. 



Introduction 

In Section 6 of their recent work P], Hirota, Hu and Tang reported that the 
system of coupled KdV equations 

z = l,2,...,A^ (A^>2) 

passes the Painleve test for integrability iff the parameter a is equal to 1 or 
1/2 or 3/2. The authors of P pointed out that the cases a = 1 and a = 1/2 
of (HJ correspond to integrable systems of coupled KdV equations, whereas 
the problem of integrability of ^ with a = 3/2 remains open. In the present 
short note, we show that the system (H)) with a = 3/2 actually does not pass 
the Painleve test, and its integrability should not be expected therefore. 
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Singularity analysis 



First of all, let us notice that the A^-component system (P) can be studied in 
the following form of two coupled KdV equations: 

Vt + QvVa: + Vxxx = 0, Wt + QaVW^ + Q{1 ~ a)wVx + W^xx = 0, (2) 

where v = X^^i Uk, w is any one of the components Ui, . . . ,Un, and the 
subscripts x and t denote partial derivatives. This equivalence between (^J) 
and (j21) means that any solution v of the first equation of (j21) and any — 1 
solutions w (not necessarily different, but corresponding to this v) of the 
second equation of © determine a solution ui,...,uj\f of the system ((T)), 
and vice versa. 

Now, setting a = 3/2 in Q and starting the Weiss-Kruskal algorithm 
of singularity analysis [21 E], we use the expansions v = fo (t) + + 
+ • • ■ and w = wo{t)(j)^ + ■■■ + Wr{t)(p''+^ + ■■■ with t) = 1, 
and determine branches (i.e. admissible choices of a and f3) together with 
corresponding positions r of resonances (where arbitrary functions of t can 
enter the expansions). The exponents a and (3 and positions of resonances 
turn out to be integer in all branches. In what follows, we only consider the 
generic singular branch, where a = P = —2, vq = —2, Wo(t) is arbitrary, and 
r = —1,0, 1,4, 6, 8; this branch describes the singular behavior of the general 
solution. 

Substituting the expansions 

oo oo 

v = J2 MtW, ^ = Y1 (3) 

n=0 n=0 

into the system Q with a = 3/2, we obtain recursion relations for the coeffi- 
cients Vn and Wn of 0, and then analyze the compatibility of those recursion 
relations at the resonances. We find that the recursion relations are compati- 
ble at the resonances 0, 1, 4 and 6, where the arbitrary functions wo{t), wi{t), 
V4^(t) and VQ(t) appear in the expansions Q, respectively; the resonance — 1, 
as usual, corresponds to the arbitrariness of ■?/' in = x + ipit)- However, at 
the highest resonance, r = 8, where the arbitrary function Ws{t) enters the 
general solution, we encounter the following compatibility condition which 
restricts the arbitrary functions appeared at lower resonances: 

300wiv^' - 7wi(l)'(p" + 6wo(p" = 0, (4) 
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where the prime denotes d/dt. 

The appearance of the compatibihty condition means that the Laurent 
type expansions Q do not represent the general solution of the studied sys- 
tem, and we have to modify the expansion for w by introducing logarithmic 
terms, starting from the term proportional to 0^ log (f). This non-dominant 
logarithmic branching of solutions is a clear symptom of non-integrability. 
Thus, the case a = 3/2 of the system (j2I) (and of the system ([T]), equiva- 
lently) fails the Painleve test. 



Conclusion 

We have shown that, contrary to what was claimed by Hirota, Hu and Tang 
in PP, the system of coupled KdV equations (jT)) with a = 3/2 does not 
pass the Painleve test for integrability. We have to note, moreover, that the 
singularity analysis of coupled KdV equations has been done in the papers jl] 
and 5j, published prior to [J^. For instance, the integrable cases a = 1 and 
a = 1/2 of the system ((H) can be found in 5] as the systems (vi) and (vii) 
which passed the Painleve test well, whereas the case ri = 1 in Section 2.1.3 
of jH] tells that the system (Q) with a = 3/2 must fail the Painleve test for 
integrability. 
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